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The aim of this note is to prove that every non characteristically nilpotent
filiform algebra is provided with an affine structure. We generalize this result
to the class of nilptent algebras whose derived algebra admits non singular
derivation.
1 Affine structures on Lie algebras
Definition 1.1 An affine connexion on a manifold M is a law ∇ which gives
for every vectorfield X an endomorphism ∇X of D
1(M) the space of vectorfiels
on M satisfying the two conditions
(1) ∇fX+gY = f∇X + g∇Y ;
(2) ∇X(fY ) = f∇X(Y ) + (Xf)Y
for f, g ∈ C∞(M), X, Y ∈ D1(M).
If M is an Lie group G, then the affine connexion ∇ is called left invariant
if the connexion ∇′ given by
∇′X(Y ) = (∇XΦ(Y
Φ))Φ
−1
X,Y ∈ D1(M)
satisfies
∇′ = ∇
for every left tanslation Φ. It is equivallent to say that the left translations are
affine mapping on the affine Lie group (G,∇).
Definition 1.2 The torsion of the affine connexion ∇ is the tensor T defined
by
T (X,Y ) = ∇X(Y )−∇Y (X)− [X,Y ]
The curvature of ∇ is given by the tensor C defined by
C(X,Y ) = ∇X∇Y −∇Y∇X −∇[X,Y ]
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In this work we consider the left invariant connection satisfying T = 0, C = 0.
Let g be the Lie algebra of the affine group G. As the operator ∇ is left
invariant, it inducces a mapping, always noted ∇ :
∇ : g⊗ g→ g.
If we put X.Y = ∇XY for every X,Y ∈ (g), then the condition on the curvature
and torsion imply that this product satisfies :
1)X. (Y.Z)− Y. (X.Z) = (X.Y ) .Z − (Y.X) .Z
2)X.Y − Y.X = [X,Y ]
for every X,Y, Z ∈ g .
Definition 1.3 A such operator ∇ on the Lie algebra g is called an affine struc-
ture on g.
2 Affine structure on nilpotent Lie algebras
The problem of existence of affine structures on nilpotent Lie algebras has been
put by John Milnor. Recently, Benoist has proposed examples of 11-dimensional
nilpotent Lie algebras which are not endowed with such structure. These Lie
algebras have the following structure
[X1, Xi] = Xi+1 i = 2, .., 10
[X2, X4] = X6
[X2, X6] = −5X8 + 2X9 + 2tX10
[X2, X8] =
26
5 X10 +
28
25X11
[X3, X4] = 3X7 −X8 − tX9
[X3, X6] = −
12
5 X9 −
1
25X10 +
−448+1525t
2000 X11
[X3, X8] =
321
80 X11
[X4, X6] =
27
5 X10 −
24
25X11
[X5, X6] =
1377
80 X11
[X2, X3] = X5
[X2, X5] = −2X7 +X8 + tX9
[X2, X7] = −
13
5 X9 +
51
25X10 +
448+2475t
2000 X11
[X2, X9] =
19
16X11
[X3, X5] = 3X8 −X9 − tX10
[X3, X7] =
−39
5 X10 +
23
25X11
[X4, X5] =
27
5 X9 −
24
25X10 +
448−3525t
2000 X11
[X4, X7] = −
189
16 X11
t ∈ R
Classical examples
1.Dimensions less than 7
Every Lie nilpotent Lie algebras of dimension less or equal to 7 admits an
affine structure.
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2. Symplectic Lie algebras
Let g a 2p-dimensional Lie algebra endowed to a symplectic form θ ∈ Λ2g∗.
It satisfies dθ = 0 where
dθ(X,Y, Z) = θ(X, [Y, Z]) + θ(Y, [Z,X ]) + θ(Z, [X,Y ]).
For every X ∈ g let f(X) be defined by
θ(adX(Y ), Z) = −θ(Y, f(X)(Z)).
Then ∇XY = f(X)(Y ) is an affine structure g.
3. Lie algebras admitting a regular derivation
Such an algebra is necessary nilpotent. More there exists a diagonalizable
regular derivation. Let f be such derivation. For every X ∈ g we put
∇X = f
−1 ◦ adX ◦ f.
Then
∇XY −∇YX = f
−1([X, f(Y )]− [Y, f(X)])
= f−1(f([X,Y ]))
= [X,Y ].
We have also
∇X∇Y −∇Y∇X = f
−1 ◦ adX ◦ f ◦ f−1 ◦ adY ◦ f
−f−1 ◦ adY ◦ f ◦ f−1 ◦ adX ◦ f
= f−1 ◦ ad[X,Y ] ◦ f
= ∇[X,Y ].
This operator ∇ defines an affine structure on g.
3 Non characteristically filiform algebra
Recall that a Lie algebra is called characteristically nilpotent is every derivation
is nilpotent. Examining the counter examples of Benoist and Burde we the
following conjecture becomes natural:
Conjecture [Kh] Every nilpotent Lie algebra which doest not admit affine
structure is characteristically nilpotent.
Of course, the converse is false. There exist seven dimensional characteristi-
cally nilpotent Lie algebras and these algebras have affine structures.
The aim of this section is to prove the following result :
Theorem 3.1 Every filiform non characteristically nilpotent Lie algebra admits
an affine structure
3
Proof. A n-dimensional nilpotent Lie algebra is called filiform if the central
descending sequence satisfies :
g ⊃ C1g ⊃ · · · ⊃ Cn−2g ⊃ {0} = Cn−1g
and we have {
dim C1g = n− 2,
dim Cig = n− i− 1, i = 1, ..., n− 1.
For a non characteristically nilpotent Lie algebra g, let us call rank of g the
dimension of a maximal exterior torus of derivations (a maximal abelian sub-
algebra of Der(g) of which elements are semi-simple derivations). We have the
following results [G.K]:
1. If the Lie algebra g is filiform, its rank r(g) satisfies
r(g) ≤ 2.
2.Every filiform Lie algebras of rank 2 is isomorphic to Ln or Qn. where Ln
and Qn are the n-dimensional filiform Lie algebras defined by
Ln : {[Y1, Yj ] = Y1+j , j = 2, ..., n− 1
Qn =
{
[Y1, Yj ] = Y1+j , j = 2, ..., n− 1
[Yi, Yn−i+1] = (−1)
i+1Yn, i = 2, ..., p
n = 2p.
For each Lie algebra, a maximal exterior torus is precisely determined.
If g = Ln, there exists a torus generated by the diagonal derivations :
f1(Y1) = 0, f1(Yi) = Yi, 2 ≤ i ≤ n
f2(Y1) = Y1, f2(Yi) = iYi, 2 ≤ i ≤ n
the basis {Yi} being as above.
If g = Qn, the basis {Yi} is not a basis of eigenvectors for a diagonalizable
derivation. We can consider the new basis given by
Z1 = Y1 − Y2, Z2 = Y2, ..., Zn = Yn
This basis satisfies
[Z1, Zj ] = Z1+j, j = 2, ..., n− 2, [Zi, Zn−i+1] = (−1)
i+1Zn, i = 2, ..., n/2
Then the diagonal derivations
f1(Z1) = 0, f1(Zi) = Zi, 2 ≤ i ≤ n− 1, f1(Zn) = 2Zn
f2(Z1) = Z1, f2(Zi) = (i− 2)Zi, 2 ≤ i ≤ n− 1, f2(Zn) = (n− 3)Zn.
generates a maximal exterior torus of derivations.
3. Every filiform Lie algebra of rank 1 and dimension n is isomorphic to one
of the following Lie algebras
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i) Akn (λ1, ..., λt−1) , t =
[
n−k+1
2
]
, 2 ≤ k ≤ n− 3


[Y1, Yi] = Yi+1, i = 2, ..., n− 1
[Yi, Yi+1] = λi−1Y2i+k−1 , 2 ≤ i ≤ t
[Yi, Yj ] = aijYi+j+k−2 , 2 ≤ i ≤ j i+ j + k − 2 ≤ n
ii) Bkn (λ1, ..., λt−1) n = 2m , t =
[
n−k
2
]
, 2 ≤ k ≤ n− 3


[Y1, Yi] = Yi+1 i = 2, ..., n− 2
[Yi, Yn−i+1] = (−1)
i+1
n Y , i = 2, ..., n− 1
[Yi, Yi+1] = λi−1Y2i+k−1 , i = 2, ..., t
[Yi, Yj ] = aijYi+j−k−2 , 2 ≤ i, j ≤ n− 2, i+ j + k − 2 ≤ n− 2, j 6= i+ 1
iii) Cn (λ1, ..., λt) , n = 2m+ 2 , t = m− 1

[Y1, Yi] = Yi+1 i = 2, ..., n− 2
[Yi, Yn−i+1] = (−1)
i−1
n Yn , i = 2, ...m+ 1
[Yi, Yn−i−2k+1] = (−1)
i+1
λkYn
The non defined brackets are equal to zero. In this theorem, [x] denotes the
integer part of x and (λ1, ..., λt) are non simultaneously vanishing parameters
satisfying polynomial equations associated to the Jacobi conditions. Moreover,
the constants aij satisfy
aij = aij+1 + ai+1,j
and aii+1 = λi−1.
We can easily see that the filiform algebra Ln , Qn or of type A
n or Bn admit
regular derivations. Then they admits affine structure. Let us consider the case
Cn. This algebra is of rank 1. The exterior torus of derivation is generated by
f(Y1) = 0, f(Yi) = Yi, i = 2, ..., n− 1, f(Yn) = 2Yn.
Thus every derivation is singular.
Lemma 3.2 The restriction of the derivation f to the derived subalgebra D(g)
is a regular derivation of D(g).
Let us consider a vectorial endomorphism g of g which leaves invariant D(g),
and such that the restriction to D(g) satisfies f ◦ g = Id. Then the bilinear
mapping given by
∇X = g ◦ adX ◦ f.
defines an affine structure on Cn. In fact
∇X(Y )−∇Y (X) = g ◦ adX ◦ f(Y )− g ◦ adY ◦ f(X) = g(f [X,Y ])
because f is a derivation. As g = f−1 on the derived subalgebra, we can deduce
∇X(Y )−∇Y (X) = [X,Y ].
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In the some way
∇X∇Y (Z)−∇Y∇X(Z) = g[X, [Y, f(Z)]]− g[Y, [X, f(Z)]] = −g[f(Z), [X,Y ]]
Then
∇X∇Y (Z)−∇Y∇X(Z) = ∇[X,Y ](Z)
This proves the theorem.
4 A theorem of existence of affine structure
The previous proof gives the following result
Theorem 4.1 Let g be a nilpotent Lie algebra admitting a derivation of which
restriction to the derived subalgebra is regular. Then this algebra admits an
affine structure
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